We discuss first the valid time interval of a formula found in the literature which gives the theoretical distance run by a liquid which rises along a capillary tube as a function of time. A non-linear least square fitting of experimental data to this theoretical curve allows the measurement of the kinematic viscosity of the liquid. The goodness of the fitting for three different sets of experimental data given in the literature is above 99%. Keywords: viscosity, kinematic viscosity.
Introduction
The rise rate of a liquid in a capillary tube depends on its viscosity. However, the familiar laboratory experiments involving the rise of liquids in capillary tubes ignores this fact and the attention is focused on the stationary regime. Despite it is described in the literature a very simple method for the experimental determination of the kinematic viscosity using a capillary tube [1] , this method does not take into account the effect of surface tension and does not give a statistical procedure for the determination of the experimental error. The falling sphere viscosimeter, based on the Stokes' law, allows the determination of the kinematic viscosity from the measurement of the terminal velocity of a sphere falling into a liquid [2, Eq. (4.9.20) ], but we need to assure that the Reynolds number is small enough to apply the Stokes' law and to know how much time is needed for the falling sphere to reach the stationary regime. Other classical experimental setups for the determination of the kinematic viscosity are principally based on the liquid motion into a capillary [3] , or the friction that exerts a liquid over a rotating cylinder [4] . Nevertheless, all these classical methods assume implicitly a stationary regime in the motion of the liquid, but there is a lack of discussion over this point.
In this work, we offer a method for the experimental determination of the kinematic viscosity of a liquid which is rising through a capillary tube, taking into account the transient regime. In order to perform this measurement, firstly we discuss the valid time interval of the theoretical distance run by the liquid along the capillary as a function of time [5, 6] and its approximation to the Lucas-Washburn equation [7, 8] . Secondly, the theoretical curve for the liquid rise allows us to perform a non-linear least square fitting to experimental data, so that we may determine the kinematic viscosity of the liquid. The goodness of the non-linear fitting for three different sets of experimental data given in the literature is above 99%.
Time-dependent theoretical rise
Let us consider a liquid of constant density ρ which is rising through a capillary tube of radius r inclined an angle β with respect to the vertical, as shows Fig. 1 . The force F that the liquid experiments along the capillary is due to the surface tension γ upwards, and the weight of the liquid downwards, so that where θ is the contact angle between the liquid and the capillary, and s (t) is the distance run by the liquid along the capillary as a function of time t. Therefore, according to Eq. (1), there is a pressure difference which makes the liquid rise along the capillary
Poiseuille's law [9, Eq. (17.10)] gives an expression for the volume discharge Q of a liquid of dynamic viscosity η flowing in laminar regime through a pipe of circular cross section of radius r and length s, in which extrema we apply a pressure difference ∆P . Applying Poiseuille's law, according to Eq. (2), we have
Since most liquids in usual conditions are incompressible, the volume discharge Q is
Equating Eq. (3) with Eq. (4), we have the following ODE,
We may find Eq. (5) in Ref. [10] for a contact an inclination angles both null, θ = β = 0. Assuming that the lower end of the capillary is initially just beneath the surface of the liquid, we have to take in Eq. (5) as initial condition,
In the stationary regime, the liquid does not rise any more, so that the distance covered by it is maximum, s = s max , and the velocity of the liquid is null, s ′ (t) = 0. Thus, according to Eq. (5), we have,
Equation (7) is known as Jurin's law [11] . If we neglect the gravity term in Eq. (5), we have
so, according to Eq. (7),
and Eq. (5) becomes
Taking into account the initial condition (6) we may solve Eq. (9), arriving to
which is known as Lucas-Washburn equation [7, 8] . Notice that Eq. (10) is a good approximation when Eq. (8) is satisfied, that is, at the first stage of the liquid rise. Therefore, substituting Eq. (10) in Eq. (8), LucasWashburn equation is a good approximation when
In the literature [5, 6] , we may find the explicit solution of Eq. (5) 
and the stationary regime (7) lim t→∞
There is a very simple connection between Eq. (10) and Eq. (12) that, as far as we know, it is absent in the literature. If we define the function α (t) as the height proportion reached at time t,
and the parameter
we may rewrite Eq. (12) as
Remembering the definition of the Lambert W function as the inverse function of ze z , we may invert Eq. (15) obtaining
In the first stage of the liquid rise, we have α ≈ 0, so we may take the following approximation in Eq. (16) 
Inverting in Eq. (17) and taking into account Eq. (13), we arrive to
Substituting now Eq. (7) and Eq. (14) in Eq. (18), we recover the Lucas-Washburn equation (10) . In order to know the valid time range for LucasWashburn equation, notice that from Eq. (12) we can define the following characteristic time for the liquid rise,
so, according to Eq. (12), the proportion of distance covered with respect to s max at the relaxation time t 0 is α
Therefore, the relaxation time t 0 defined in Eq. (19) gives us an idea of how rapid is the liquid rise within the capillary tube. Comparing Eq. (11) with Eq. (19), we may rewrite Eq. (11) as
that is, Lucas-Washburn equation is a good approximation when is much lesser than the characteristic time for the liquid rise, as we have considered before.
Limitations of the model
Notice that we have assumed Poiseuille's law during the whole rise of the liquid along the capillary. In fact, there is a transient regime for the liquid, which is initially at rest
and the steady flow regime given by Poiseuille's law. Moreover, the model described by the differential equation (5) does not work at t = 0 since the substitution of the initial condition (6) 
For a more detailed discussion about the ill-posedness of the model see Ref. [13] . Therefore, at the beginning of the liquid rise, there is a transient regime whose characteristic time is given by [2, Eq. (4.3.19)],
where λ 1 ≈ 2.41 is the first positive root of the Bessel function of the first kind of order zero J 0 . Therefore, in our results we must check out if t 0 ≫ t * , in order to be consistent in the use of Eq. (12) .
It is worth noting as well that we have made the implicit assumption that the contact angle θ given in Eq. (7) for equilibrium (static contact angle) is equal to the contact angle during the liquid rise given in Eq. (5) (dynamic contact angle). In fact, this is not full satisfied, as it is could be found in the literature [14] .
Curve fitting
Let us rewrite Eq. (16) as
We may perform a linear fitting using Eq. (23) in order to obtain κ, and therefore ν according to Eq. (14) . However, the linearization performed in Eq. (23) is not always advisable because violates the implicit assumption that the distribution of errors is normal [15] . Therefore, we may determine the parameter κ minimizing the quadratic residuals between the theoretical curve α (t, κ) Eq. (15) , and the experimental data α i Eq. (13),
Equation (24) may be solved numerically, using as starting iteration the result obtained in the linear fitting. The uncertainty in κ may be obtained from the residual standard deviation of the function α (t, κ)
If we consider that the variability of α is mainly due to the variability of κ ∆α = ∂α ∂κ ∆κ, we have
where we can take the average of all the experimental points t i ,
From Eq. (14), we may give an experimental measure of the kinematic viscosity, ν exp ± ∆ν exp , where
and
being s exp max the experimental maximum distance run by the liquid. Notice that by using s exp max , we avoid using an experimental contact angle (7), because it is quite easier to measure s exp max than the contact angle between the liquid and the capillary. Figure 2 depicts the experimental setup that can be used for an undergraduate laboratory experience. The experimental procedure is as follows. First, assure that the glass strip attached to the clamp stand is vertical. Then, fix a capillary tube to the glass strip with plasticine. Take a tampered capillary tube, disinfect and pre-wet it. Knowing the glass strip length and using the graduated rules at both ends of it, measure the inclination angle β of the capillary. Prepare the liquid in a petri dish and put it on a stand of adjustable height. Align a high speed CCD camera and focus it on the base of the capillary tube. In order to preserve the initial condition (6), begin recording with the CCD camera, and then rise the Petri dish very slowly until the liquid starts rising into the capillary tube. In order to have enough experimental data points (n ≈ 20), adjust the camera speed (frames per second) and extract stills from the recorded movies (1 frame out of every 20 up to 100) depending on the liquid speed. Analyze the stills with some commercial software, converting pixel distances into mm. For this purpose it can be used as a reference the graduated rule recorded during the liquid rise. To find the inner radius of the capillary, remove the capillary from the glass strip and cut it at where it was the meniscus. Use a caliber to measure the external radius of the capillary. Place it horizontally and zoom the camera to focus the cut end of the capillary. The image of the cross section of the capillary is then analyzed converting pixel distances into mm, with reference to the external radius of the capillary previously measured. Figure 3 shows the experimental data (n = 10) of a 55% sugar solution at 25
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Experimental evidence
• C rising through a vertical capillary tube of radius r = 10 −4 m [10] , and the error band within the theoretical curves α (t, κ fit + ∆κ fit ) and α (t, κ fit − ∆κ fit ) . The experimental maximum height obtained was s α Figure 4 -Non-linear regression for experimental data given by [17] .
which indicates that the fitting is also good. Figure 5 shows the experimental data (n = 22) of silicone fluid rising through a vertical capillary tube of radius r = 8.8 × 10 −5 m, inclined an angle β = 57.7
• [19] , and the error band within the theoretical curves α (t, κ fit + ∆κ fit ) and α (t, κ fit − ∆κ fit 
where T is the absolute temperature and η ∞ and T 0 are parameters which depend on the liquid considered. Knowing that at T 1 = 25
• C and at T 2 = 0 • C the density of the silicone fluid used in the experiment is ρ (T 1 ) = 816 kg m −3 and ρ (T 2 ) = 840 kg m −3 , and the kinematic viscosity is ν (T 1 ) = 10 −6 m 2 s −1 and ν (T 2 ) = 1.68 × 10 −6 m 2 s −1 [21] , then 
